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Abstract 

In this paper, we proceed along our analysis of the Korteweg-de Vries approximation 
of the Gross-Pitaevskii equation initiated in [6]. At the long- wave limit, we establish that 
solutions of small amplitude to the one-dimensional Gross-Pitaevskii equation split into two 
waves with opposite constant speeds ±-\/2, each of which are solutions to a Korteweg-de 
, Vries equation. We also compute an estimate of the error term which is somewhat optimal 

■ as long as travelling waves are considered. At the cost of higher regularity of the initial data, 

(-] ! this improves our previous estimate in [5]. 
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1 Introduction 

1.1 Statement of the results 



' In this paper, we proceed along our study initiated in [6] of the one-dimensional Gross-Pitaevskii 

equation 

i9t^'-Fa2^' = ^'(|1'|2-l) onMxM, (GP) 



, supplemented with the boundary condition at infinity 

o 



|^'(x, t)| 1, as |x| — > -|-oo. 
This boundary condition is suggested by the formal conservation of the Ginzburg-Landau energy 

m) = l [ \d.^\' + \ [ (i-i^i')'- 

In this paper, we will only consider finite energy solutions to ()GPp . 

The Gross-Pitaevskii equation is integrable by means of the inverse scattering method, and 
it has been formally analyzed within this framework in [16], and rigorously in jl4j. Concerning 
the Cauchy problem, it can be shown (see [181 El E]) that ()GPp is globally well-posed in the 
spaces 

X''{R) = {u G Li^„^(IR,C), s.t. 1 - \uf G L'^{R) and d^u G H''-^{R)}, 
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for any A; > 1. More precisely, we have 

Proposition 1 (IGJ). Let E N* and ^'o G X'^(M). Then, there exists a unique solution '!'(•, t) 
in (M., (M.)) to (IGPh wii/i initial data "^/q. Furthermore, the energy E is conserved along 
the flow. 

If u belongs to (M) and satisfies 

E{u) < ^, 

then it does not vanish, and we may write u = |tt|expi^, where 9 is continuous (see e.g. ^). 
Here, we will focus on solutions with small energy, so that in view of the conservation of the 
energy, we may write 

= ^(•,t)expi(^(-,t). 

More precisely, we will consider initial data which are small long-wave perturbations of the 
constant one, namely 

' ^(x,0) = (l-47VO(ex) 
(^(x,0) = ^eO(ex), 

where < e < 1 is a small parameter, and and = dx®'^ are uniformly bounded in some 
Sobolev spaces /f^(]R) for sufficiently large k. We will add two additional assumptions on 0^ 
and N2. We will assume that 



£ ■ 



ll^°IU(M) + 115x6° <+oo, (1) 

with a uniform bound in e. Here, || • ||^(ir) denotes the norm defined on ^[^^(M) by 



sup 

(a,fe)eIR2 



b 

f{x)dx 



(2) 



so that ([T]) implies in particular that is uniformly bounded in L°°(M). In the appendix, we 
will introduce a notion of mass for ^' closely related to the A^-norm of 1 — and prove its 
conservation by the Gross-Pitaevskii flow. 

We next introduce the slow coordinates 



e3 



X = e(x + \/2t), x'^ = e(x — \/2t), and r = l^^^J^- 

The definition of the new coordinates x~ and x"*" corresponds to reference frames travelling to 
the left and to the right respectively with speed \/2 in the original coordinates (x, i). We define 
accordingly the rescaled functions Nf- and 0^ as follows 



6 , , 6 4r 2^/2r 



AT, (x ,r) = -2r?(x,t) = -2r?(^— ± ^3, ^3 



, ± 6^/2 6^/2 /x± 4r 2V2r 



(3) 



^Here, the space X'°(R) is endowed with the distance 

d^fc^^(u,u) = \\u - i'|[loo([_^_^]) + \\d^u - 9xt'||ijfc-i(R) + \\\u\ - |u|||l2( 
for some given A > (see e.g. [131 [5] for more details). 
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where rj = 1 — q^. Setting 

e ,r) = \ {n; {x- , r) + a,- e- (x- , t)) , 

(4) 



U- (x- , r) = i (iV- (x- , t) + a,- e- {x- , r)) . 
Ut{x^,r) = i(iV+(x+,r) -5,+ G+(x+,r)). 



our main result is 



Theorem 1. Let k > and e > be given. Assume that the initial data ^'q belongs to X'^^^iW) 
and satisfies the assumption 

m^\\M{R) + Wd^e^Mm + m^\\m+HR)+4d',+'N^\\LHR) + I|9.G0||^.«(m) < k^. (5) 
Let W and denote the solutions to the Korteweg-de Vries equations 

drU- + dl-U- +U-d^-U- = 0, (KdV) 

and 

drU+ - dl+U+ - U+d^+U+ = 0, (6) 

with the same initial valued as U~ , respectively . Then, there exist positive constants e\ and 
K\, depending only on k and Kq, such that 

\\U-i;T)-U~i;T)\\H.^^^ + \\U+ {■ , t) - U+ {■ , t)\\ ^K) < i^i^' exp |r| , (7) 
for any r G M provided e < ei . 

Remark 1. In the original time variable, the Korteweg-de Vries approximation is valid on a 
time interval t £ [0, T^] with 

log(e) 



£3 



Moreover, the approximation error remains of order O(e^) on a time interval t G [0,rj^] with 
n = 0{e-'). 

In order to explain the statements of Theorem [H it is presumably useful to recast them in 
the context of known results about the long- wave limit of the Gross-Pitaevskii equation. First, 
we rewrite ()GPp in the slow coordinates (y, s) = (ex, et) and set 

£»(x, t) = {l- ^n^iex, £t)^ ' , 
d^ip(x,t) = -£^Wsiex,£t). 

In this setting, (IGPh translates into the system for and w^, 

dsUe - V^dyWe = --^dy{nsWe), 

OsWe - ^MyUe - -6yJZe Oy\j^^^ + 36 + T ) ' 

It has been shown in [3j that for suitably small data and times, this system is well-approximated 
by the linear wave equation. More precisely, assume that s > 2 and 



^Since their initial data depend on e, U and do as well. We voluntarily hide this dependence in the 
notations in order to stress the fact that the equations they satisfy are independent of e. 
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where K{s) refers to some positive constant depending only on s 
of the free wave equation 

f dsn - V2dyKi = 0, 
\ dstv - V2dyn = 0, 

with initial data (N^, W^). Then, for any < t < T^, we have 

\\{ns,We){-,et) - (n,n3)(-,et)||;^.-2(iR)x//»-2(R) 

where = {K{s)e'^\\{N^ ,W^)\\H^+i(K)xH^{R)y^ ■ In particular, when ||(iV°, VF'0)||^.+i(r)xh-(ir) 
remains uniformly bounded, then = O , and the wave equation is a good approximation 
for times of order o(e^^). The general solution to 1^ may be written as 

(n,tr) = (n+,tt)+) + (n",m"), 

where the functions (n^,tt)^) are solutions to ([9]) given by the d'Alembert formulae, 

(n+(y, s), tv+{y, s)) = (iV+(y - V2s), W+{y - V2s)) , 
{n~{y,s),n>-{y,s)) = {N' {y + V2s),W- {y + V2s)) , 

where the profiles A^^ and are real-valued functions on M. Solutions may therefore be split 
into right and left going waves of speed \/2. Since the functions (n^, tr^) are solutions to ([9]), it 
follows that 

dy{N+ + W+) = 0, and dy{N- - W) = 0, 
so that, if the functions decay to zero at infinity, then 

^ 2 

Theorem [T] extends our earlier results in (see also |9] for an alternative approach and 
an extension to the higher dimensional case). It shows that the Korteweg-de Vries equation 
provides the appropriate approximation for time scales of order 0[e~^). The definition of 
the new coordinate x"*", respectively x~ , corresponds to a reference frame travelling to the 
left, respectively to the right, with speed \/2 in the original coordinates (x, i). In the frame 
corresponding to x~ , the wave (n~,lt)~), originally travelling to the left, is now stationary, 
whereas the right going wave (n"^,rD^) now has a speed equal to 8e~^. The coordinate x~ 
is therefore particularly appropriate for the study of waves travelling to the left, whereas the 
coordinate x'^ is appropriate for the study of waves travelling to the right. In [6], we imposed 
some additional assumptions which implied in particular the smallness of , so that it was only 
the study of waves going to the left which was addressed. This approach simplifies somehow the 
analysis. 

In this paper, we remove this smallness assumption, at the cost however of new assumption 
([1]), and we analyze both waves at the same time. Finally, we would like to emphasize also that 
comparing Theorem [T] with Theorem 1.4 in [6], the error term now involves instead of e. As 
explained in [6], the is somewhat optimal, as the specific examples provided by travelling 
waves show. This improvement is related to the fact that we use higher order derivatives. As a 
matter of fact, the same improvement holds in the setting of Theorem 1.4 of [6]. More precisely, 
we have 



. Let (n. It)) denote the solution 

(9) 
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Theorem 2. Let e > and k > be given. Assume that the initial data belongs to 
and satisfies 

\\^e\\H''+5{R) + ^\\9x'^^N^\\l^{R) + II'9x0£||h'=+5(R) < ^0- (10) 

Let and denote the solutions to the Korteweg-de Vries equation^ 

drU^ T dlU^ ^U^dM^ = 0, 

with initial data , respectively dx@^^- There exists positive constants £2 and K2, depending 
possibly on Kq and k, such that 

\\M^i;T) - A^,±(-,r)||^.(K) + ||W±(-,r) - a,e±(-,r)||^.(R) 
< K2(e' + ||A^° ± a,eO||^fe(R)) expETalrl, 

for any r G M, provided £ < £2- 

Remark 2. If the term HA'^ it OxQ^Wh^^k.) is small, then the Korteweg-de Vries approximation 
is valid on a time interval (in the original time variable) t G [0, T^] with 



Tp = o| min 



iog(e)| |iog(||ivo±a,.eO||^.( 



£3 ' £3 



In particular, if \\N^ ± 9x@^\\hI'{r) ^ Ce°, with a > 0, then the approximation is valid on a 
time interval t G [0,r^] with = o{£-^\log{£)\). Moreover, if ||7V° ± «9x0°||//fc(R) is of order 
£?(e:^), then the approximation error remains of order ©(e^) on a time interval t G [0, T"] with 
Ti' = 0(£-^). 



£ 



The main difference between Theorems [T] and [2] is that the second one involves the functions 
and d^Of instead of U^. The error term in (jlip involves the quantity HA'^ it S^'Q^ ||//fc(R), 
which is small if the wave travelling in the other direction is small. Let us also emphasize that, 
in contrast with the assumptions of Theorem [H the assumptions of Theorem [2] do not involve 
any assumption on the A4-norm. 

Finally, it is worthwhile to notice that similar issues have been addressed and solved in the 
case of the long-wave limit of the water wave system. As a matter of fact, system ([8]) bears some 
resemblance with a Boussinesq system. In a seminal work PTOj, Craig proved the first rigorous 
convergence result towards the Korteweg-de Vries equation, under assumptions which are similar 
in spirit to the ones in Theorem O focusing on a wave travelling in a single direction. Schneider 
and Wayne [15] completed the analysis and were able to handle both left and right-going waves 
at the same time, a result similar in spirit to Theorem [H Bona, Colin and Lannes provided a 
sharp error estimate in (see also p-T]). The asymptotics were fully justified in [Ij, as well 
as in the higher dimensional case. In order to control the interactions between the two waves, 
sometimes called secular growth, these authors introduce additional assumptions on the initial 
data, of different nature but in the spirit, similar to our introduction of the A4-norm which is 
more natural in our context. 

We also emphasize that in the regime under study, the solutions of the Gross-Pitaevskii 
equation have their modulus close to one, so that by the Madelung transform, one is reduced 
to analyze a dispersive perturbation of a hyperbolic system. In this direction, Ben Youssef 
and Colin considered in [2] similar limits for general hyperbolic systems perturbed by linear 
dispersive terms. 



^As well as the functions U^, the functions Af^ and depend on e. We again hide this dependence in the 
notations in order to stress the fact that the equations they satisfy are independent of e. 
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With respect to those works, the main difficulty regarding system ([8]) is related to the fact 
that the dispersion terms are nonlinear. This difficulty is overcome using the integr ability of the 
Gross-Pitaevskii and Korteweg-de Vries equations which allow to derive suitable bounds in high 
regularity spaces. 

1.2 Some elements in the proofs 

The proofs are somewhat parallel with the proofs in so that we will try to emphasize the 
new ideas and ingredients. Concerning Theorem [H the left and right going waves and 
play the same role in estimate ([7]), so that we may focus for instance on the estimates on U~ . 
In order to simplify our notation, we set = N~ , 0^ = 6~ , Ue = U~ , U = U~ , and 

X = x~ = e(x + \/2t). 

We also introduce the new notation 

K(x,r) = i(iV,(x,r)-a,e,(x,r)) = [/+ - A^, r) , (12) 
and compute the relevant equations for Ue and 14, 

drUe + dlUe + U^Ue = fe - e'r„ (13) 

where 

.6 ^ ""^ ■ 3 



U = ilv^ - dlVe + \UeVe) = d^F„ (14) 



and 



drV, + ^d,Ve = ge + e'r„ (15) 

where 

The remainder term is given by the formula 

On the left-hand side of (|13p . we recognize the (|KdVp equation, whereas on the left-hand side 
of ()15p . we recognize the transport operator with constant speed — 8e~^, which stems from the 
fact that we are working in moving frames with speed ib4e~^. It remains to establish that the 
terms on the right-hand side of (jl3p behave as error terms. The first step is to establish that 
all quantities are uniformly bounded on finite time intervals. 

Proposition 2. Let k €z N. Given any e > sufficiently small, assume that the initial data 
^o{-) = ^'(•,0) belongs to X^~^^(R) and satisfies the assumption 

\\N^\\HHm+'\\9^'''^e\\L^W + W^xQ^sUhHR) ^ ^0, (18) 

where Kq is some given positive constant. Then, there exists a positive constant K depending 
only on Kq and k, such that 

l|iVe(-,r)||^.(ij) +e||9^liV,(.,r)||^2(K) + ||9.G,(-, r)||^.(ij) < Kexpi^|r|, (19) 

for any r G R. In particular, we have 

\\Ue{;T)\\HHm + \\Ve{;T)\\HHm < i^expK|r|. (20) 
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Remark 3. Here and in the sequel, when we write e sufficiently small, we mean that < e < Eq, 
where Eq is some constant which depends only on Kq, but not on the order of differentiation k. 
In the course of our proofs, the constant eq is determined so that, when assumption (jlSp holds, 
the energy of ^ is sufficiently small in order that (j2.2p holds. 

It follows from Proposition [2] that the quantity remains bounded on finite time intervals, 
so that the error term e^r^ is of order as desired in Theorem [TJ In contrast, the term 
describes the interaction of the two waves and is therefore more delicate to handle. Since 
is not supposed to be small in Theorem [1] (in contrast with Theorem [2]), is not small in 
general. However, due to the dynamics, the interaction turns out to be of lower order. Indeed, 
in view of ()15p . at leading order, the function is shifted to the left with speed 8e~^. Since 
the definition of strongly depends on the function V^, a related property also holds for f^, so 
that the average interaction turns out to be small. To provide a rigorous justification of this 
last claim, we need however to localize the functions Us and V^. This leads us to use the norm 

II ■ IIm(m)- 

As in [6], our proofs rely on energy methods. We introduce the difference = Us—U, which 
satisfies the equation 



drZs + dlz, + ud^z, + z.dju + ZAZ, = u- e^r. 



(21) 



In order to compute the L^-norm of d^Z^, we apply the differential operator to (j2ip . multiply 
the resulting equation by d^Z^ and integrate on M to obtain 



1 



dr\\d^Ze\\\2t 



[ d';-^\uz,)d^^z,-\ [ d^^\zl)d'^z. 



+ / dlUdlZ,-e^ I d'^.TedlZ,. 



Setting 



2 

ej ■> 



(22) 



and integrating in time, we are led to the differential equation 



+ 



d'^,+\uz,)d',z, 

dlhdtZ,-e' 



dl^\zl)dlz. 



(23) 



d'.Ved'^.Z,. 



The proof of Theorem [T] then follows applying the Gronwall lemma to (j23p provided we are first 
able to bound suitably all the terms on the right-hand side of (I23p . The ffist, second and fourth 
terms can be handled thanks to Proposition [2j Indeed, we will show in Section H] that these 
terms can be bounded as follows 



dl^\zl)dlz. 



d>,dlZ, 



< K 
< K 



+ 



+ 



expK|s| \\Ze{-,s)\\Hk^^^)ds 
For the third term, we will prove 



exp-fC|s| \\Ze{-,s)\\Hk(^^)ds 
expK|s| \\Ze{-,s)\\Hk,^)ds 



< K 


1 




Jo 



(24) 
(25) 
(26) 
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Proposition 3. Let e > be given sufficiently small. Given any A; G N, assume that the initial 
datum ^'o(-) = ^^'(•, 0) belongs to X^~^^(R) and satisfies ([5|) for some positive constant Kq. Then, 
there exists a positive constant K depending only on Kq and k, such that 



dlfed'iZ, 



< Ke^^{e^ + ||5^Z,(-,r)||i2(K)) expi^|r| + 
for any r G R. 

Combining ([23]) witli bounds ([M]), ([IS]) and ([27]), we will obtain 

drZ^ir) < i^fsign(r)Z|(r) +e^expK|r| ). 



expK\s\ \\Zei-,s)\\Hkm)ds 



(27) 



The proof of Theorem [T] will then follow applying the Gronwall lemma. 

We next say a few words about the proof of Proposition [3l For sake of clarity, we assume 
here that k = 0. For given r G M, we then have 



feZe 



(28) 



For the first integral on the right-hand side, we use transport equation (llSp and write 



This change makes apparent an e"^ factor, and then we continue the computation using integra- 
tion by parts for the time and space variables as well as the bounds provided by Proposition 
[21 It remains to handle the second integral on the right-hand side of (j28p . which does not in- 
volve as before the spatial derivative dxVe- We somewhat artificially introduce such a derivative 
considering an antiderivative of defined by 



/X 
Vs{y,T)dy, 
-R 



(29) 



where the positive number R will be suitably chosen in the course of the computations. We 
obtain 

r [ d^UeVeZe = T [ d^U^T^Z,. 

Jo Jr Jo Jr 

The function satisfies a transport equation, namely 



drTe + ^d,Te = Ge + Re " Ge{-R) - e'Re{-R) + ^Vsi-R), (30) 

so that it is possible to implement a similar argument as above replacing 5^Te by the expression 
provided by (|30p . In order to perform our computation, it turns out that we only need to obtain 
some control in time of the L°°-norm of T^, which essentially amounts to controlling the M- 
norm of V^. At initial time, this corresponds to assumption ([T|) on and dxQ^- For later time, 
we have 
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Lemma 1. Let < Eq < ^ and e M(R) n X'^{R) be given such that E{^o) < Eq. Then, 
there exists a positive constant K , depending only on Eq, such that 

lh(-,*)IU(lR)+^^l|9x<^(-,t)IU(R) < k{ \\rf\\M{M.) + \/2||ax99°||_v((R) 



+ 



|9x»?(->s)IIl-(K) + II^(-,S)II^2.-(M) + ll^x^^C-, 



ds 



(31) 



for any t £ 



In the slow coordinate t, Lemma [T] provides a control on the norm ||T£||^oo(]r), which is 
independent of e and grows linearly in time. 

Lemma 2. Let e > be sufficiently small. Assume that the initial datum ^o{-) = ^{-,0) belongs 
to and satisfies assumption (|18p for k = 3 and some positive constant Kq. Then, there 

exists a positive constant K , which does not depend on e nor t, such that 



<K[\\N^,\\Mi 



\(^xQ'1\\m( 



\\Ne{-,r)\\MiW.^ + \\d^Qe{-,T)\\M 
for any r G M. In particular, we have 

\\Ue{-,T)\\Mm + I|K(-,t)||a^(R) < K[ \\U^\\Mm + IIK°IIa^(k) + k 



+ T 



(32) 



(33) 



The proof of estimate (j27p follows combining the bounds of Proposition [2] and Lemma [2l 

We next give some elements of the proof of Theorem [2j Notice first that the functions 
and dxQ^ associated to the coordinates x"^ and x~ play the same role in Theorem [21 so that 
we may focus again for the estimates on = N~ and dxQe = dxQ'^ ■ Recall that the main 
differences with respect to Theorem [T] are that Theorem [2] addresses the functions and dxQe 
instead of U^, and does not involve any assumption on A^-norms. The proof of Theorem [2] is 
however parallel to the one of Theorem [TJ We write for the function , 



\Ne-M\\H^ 



< m 



s\\Hi^( 



+ \\Ue-U\ 



+ \\U-M\\hh 



(34) 



since by definition, Vf, = Nf, — Ue. Similarly, the functions dxQe ^-nd W satisfy 
\\dxQe - y^Wmm < ll^ell/f^rR) + 11^4 - l^Wmm + W - "^WmiK. 



(35) 

so that the proof of (jlip reduces to bound each of the terms on the right-hand side of (j34p and 
()35p . For the if^-norm of V^, we invoke again energy estimates, based now on equation (jlSp . 
This yields 

Proposition 4. Let e > be sufficiently small. Given any k £ N, assume that the initial datum 
^o(") = ^("j 0) belongs to X'^+^(IR) and satisfies (jlOp for some positive constant Kq. Then, there 
exists a positive constant K depending only on Kq and k, such that 



\ye{:r)\\HH 



<K{\\V^\\h.< 



+ e ) exp K\t\ 



(36) 



for any r G 



Similarly, concerning the differences between the solutions to (jKdVp . lA and M on one hand, 
and lA and W on the other, we invoke a general stability result for the Korteweg-de Vries 
equation, which we recall for the sake of completeness. The proof follows from standard U^- 
energy methods for the difference, using the conserved quantities of (|KdVp in order to bound 
uniformly the H^^^-mxTos coming from the quadratic terms. 
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Lemma 3. Let A; G N 6e given. Consider two functions F'^ and in H^~^'^(W) and denote F 
and G the solutions to (jKdVp with initial data F^ , respectively G^ . Then, there exists a constant 
K, depending only on k and the H^^"^ -norms of F^ and G^ , such that 



||F(.,r) - G(-,r)||^.(i,) < K\\F^ - expi^|r| 

for any r G R. 

In view of Lemma [3l and the fact that 



(37) 



we are led to 



\\U{;T)-N{;T)\\H.m + - W(- , r) ||^. < K\\V^\\HHm K\t\ 



(38) 



for any r G R. Going back to (I35p . it remains to estimate the term ||?7£ — = 

An upper bound for this term was given in Theorem [1] using bounds on the Al-norm of and 

dxQe- Here, we use instead the estimates of Proposition |4] to bound the interaction terms. 

Proposition 5. Let e > be given sufficiently small. Given any G N, assume that the initial 
datum ^o{-) = ^'(•,0) belongs to X''+^{R) and satisfies for some positive constant Kq. 
Then, there exists a positive constant K depending only on Kq and k, such that 



+K(e^ + \\V,'>\\H,r 



expK\s\ \\Zei-,s)\\Hkmds 

^ 'JO 

for any r G R. 

We then adapt the arguments of the proof of ([7]) in order to obtain that 
\\Uei-,T)-U{-,T)\\H^u) < K{e^ + ||y,°||^^fe(K))expi^|r|, 



(39) 



(40) 



for any r G M. Combining with inequaUties (|34p and (j35p . and bounds (|36|) and (j38p . this will 
complete the proof of Theorem [2l 



1.3 Outline of the paper 

This paper is organized as follows. In the next section, we provide the proofs to Proposition [21 
and Lemmas [U and [2j In Section[3l we prove Proposition [3l The proof of Theorem[T]is completed 
in Section HI whereas we derive Proposition HI Lemma [3l Proposition [5l and finally Theorem 
[2] in Section [5l In a separate appendix, we extend the arguments of the proof of Lemma [1] to 
provide a rigorous framework for the notion of mass and establish its conservation. 



2 Bounds for the rescaled functions 

In this section, we establish a certain number of bounds for the rescaled functions N^^ dx@e, 
and Ve, which are useful in the course of the proofs of Theorems [U and [21 We first derive the 
Sobolev bounds of Proposition [21 and then we compute estimate (j32p of Lemma [21 
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2.1 Sobolev bounds 



Two different arguments are under hand to derive the Sobolev bounds given by inequahty (jl9p . 
The first one rehes on the integrabihty properties of (|GPp . It is proved in [6j that the quantities 



^ Jr ^ Jr ^ Jr ^ Jr ^ Jr 



and 



^ Jr ^ Jr ^ Jr ^ Jr ^ Jr 

^ Jr ^ Jr Jr Jr 

Jr ^ Jr 'i Jr 4 16 



are conserved along the Gross-Pitaevskii flow, provided that the initial datum ^'o belongs to 
Notice that, for 1 < A; < 4, the quantities deflned above give a control on the L^- 
norms of the functions d^"^ and d^~^r]. As a matter of fact, invoking the Sobolev embedding 
theorem, one can establish that there exists some universal constant K such that 

Ek{^) < k^IIV^IIh^r) + 111 - IV'I'IIh^-icr)) , 

for any function ip E X'^(M). Similarly, there exists a positive constant K{Ei{ip), . . . , Ej^_i{ip)), 
depending only on the quantities Ei{ip), . . . and Ek-i{ip), such that 

iiv'IIh^(ir) + 111 - iv'PiIh^-i(m) < ^(^1 w, • • ■,Ek-im EkW. 

In particular, the conservation of the quantities along the Gross-Pitaevskii flow provides 

bounds on the Sobolev norms of the functions \I' and rj, which only depends on the X'^-norms 
of the initial datum ^q. In the rescaled variables, we obtain 

Proposition 2.1 (|6j). Let < k < 3 and e > be given sufficiently small. Assume that the 
initial datum ^o{') = ^('i 0) belongs to X^~^^{M.) and satisfies assumption (llSp for some positive 
constant Kq. Then, there exists a positive constant K , which does not depend on e nor t, such 
that 

l|A^.(-,^)lb'=(R) +e||5^'A^.(-,r)||i2(K) + \\dM-,T)\\HH^) < K, (2.1) 

for any r G M. 



Inequality (12. Ih presents the advantage to be uniform in time. We will invoke this property 
to derive Lemma [2j We believe that inequality (j2.ip remains valid for higher order Sobolev 
spaces. However, it seems rather involved to prove this claim since this requires to compute, or 
at least to describe precisely, the higher order invariants of ()GPp (see [6] for more details). 

In order to compute higher Sobolev bounds, we rely on the energy estimates derived in 
[3] in the context of the wave limit of the Gross-Pitaevskii equation mentioned above in the 
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introduction. More precisely, given any A; G N and any positive number £"0 < ^3^) we consider 
some initial datum G X'^(M) such that EI^^q) < Eq. Then, there exists a positive constant 
mo, depending only on Eq, such that 



mo < |^'(x,t)| < , 

mo 



(2.2) 



for any (x, t) G (see [3] for more details). Under this additional assumption, the computation 
of energy estimates for system ([8]) achieved in Proposition 1 of provides the tame estimates 

dtTl{t)<K{k,mo)e^{l+e^\\ne{-ML^){\\dxne{-ML^M\^^^^ (2-3) 



where K{k, mo) is some positive constant which does not depend on e nor t, and where the 
function is defined by 



y£=W£ + 



\f2 ra, 

while the notation r^(t) refers to the functional 



, where m^ = 1 



-Up 



(2.4) 



In view of (|2.2p . and since we have 



ms{x, t) 



the quantity controls the iJ'^-norms of and . Going back to the original setting, we have 



in particular. 



SO that, by the conservation of the energy, 



rO(t) = ^Ei^o) 



(2.5) 



Proof of Proposition \M In the case fe < 4, Proposition [2] is a direct consequence of Proposition 
12.11 In the case k > 4, the proof of Proposition [2] is obtained applying the Gronwall lemma 
to inequality (j2.3p . using identity (|2.5p and bounds (|2.ip . We conclude rescaling the derived 
inequality in the variables and dxQe- 

More precisely, invoking assumption (jlSp for = 0, we first compute in the rescaled setting. 



2MP 



(2.6) 



where = 1 - ^N^ and K is a positive constant depending only on Kq. In particular, given 
any e sufficiently small, assumption ()2.2p holds for mo = ^, so that in view of (j2.3p and (j2.5p . 
we are led to 



r,^(t)<r,^(o)exp 



Ae{s)ds 



18 

+ ^£;(1'o)( exp 



(2.7) 



where 



^e(t) = K{k,mo)e'^ {1 + e\\nei-,t)\\L^^R-j) {\\dxne{-,t)\\L^(R) + ||5^ye(-,t)||Loo(]R)). (2.8) 
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We now rescale inequality ()2.7p in the variables and 0^ using the fact that 



4r 2V2 



r), and dxQeix,T) = Wsix 



At 2^/2 



-T . 



In this scaling, definition (12. 4p may be written as 

.A:/2^/2T 



(2. 



where 1^ = S^^Gg + -^^jj-^ and Mg = 1 — ^A'^j. Similarly, definition (j2.8p may be rescaled as 



,r = 



2^2 . f2V2T 



K(A:,mo)(l + e||7V,(-,T)||L-)(||9,iV,(-,T)||L- + ||a,.y,(-,r)||i^). 



so that inequality (j2.7|) becomes 



ye(T") < ye(0)exp 



18 

+ ^S(^'o)( exp 



A£{s)ds 



1 



Invoking assumption (jlSp for k = 2, and the Sobolev embedding theorem. Proposition 12.11 
provides 

\Ae{;T)\<K, 



for any r G M, where K is some positive constant depending on k and Kq. Hence, by (12. 6p . 

T^(t) < (y^(0) + K)expK|r|. 



The proof of (119p then follows from definition (12. 9p and inequalities (12. 2[) . Inequality ()20p is a 
direct consequence of definitions (jU and (fT2|) . □ 



2.2 Bounds in the space A^(]R) 

We turn first to the proof of Lemma [2j As mentioned in the introduction, inequality (j32p is a 
rescaled version of inequality ([3T]) , using the Sobolev estimates of Proposition 12.11 to bound the 
integral on the right-hand side of (jSip . 



Proof of Lemma\M In view of definitions ([3]), inequality (I3ip may be recast in the variables A'e 
and Si:©^ as 



+ ||9.e,(-,r) 



+ 115.9° 



x'^e \\M( 



+K 



\\dlNe{;s) 



(■> ■5)||^2,oo(]g) + ||5a::©£(-, s)||^oo(]K)^ 



ds 



so that by the Sobolev embedding theorem, 

\\Ne{-,r)\\Mm + \\d.Qe{-,r)\\Mm < l|A^°IU(M) + WdxQlWui 



+K 



ds 



(2.10) 



Invoking assumption (jlSp for = 3, we deduce from Proposition 12.11 that the integrand on the 
right-hand side of inequality (|2.10p is bounded by some constant depending only on Kq. This 
completes the proof of ([32]) . Inequality ([33]) is then a direct consequence of definitions @ and 
dH. □ 
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We next prove Lemma [TJ 



Proof of Lemma [TJ The proof of Lemma [J relies on the conservative form of the system of 
equations satisfied by rj and dxf which may be written as 



dtr] - 2(9x(9x<^) = -2dx{r]dxip), 



(2.11) 



As aheady mentioned in the introduction, we recognize on the left-hand side of (j2.1ip . a trans- 
port operator T, given by 

T = {dt-2dx,dt-d,). 

Introducing the variables 



u = ^{y + \/2(9x95) , and v = ^(^rj - ^fld^ip 
we diagonalize the transport operator T, so that (j2.1ip becomes 

Given any real numbers a < b, we deduce from the first equation of (j2.13|) that 



dt 



U[ X 



V2t,t)dx 



(2.12) 



(2.13) 



b-V2t 



a~\/2t 



At this stage, it is worthwhile to recall that, since -E'(^'o) < Eq, inequalities (|2.2p hold for some 
positive number mo, depending only on Eq, so that 



d. 



u[x 



V2t,t)dx 



< 



K(\\dli]i-,t)\\L^m + lh(-,i)ll^2.oo(u) + \\dM-,t) 



where K is some positive constant, depending only on Eq. Performing an integration in time, 
this may be recast as 



u(x 



+ K 



V2t,t)dx 



< 



u[x 



,0)dx 



|9^?7(-,s)||ioo(K) + ||??(-,s)||^2,oo(K) + \\dx(p{-,s)\\ 



ds 



(2.14) 



Applying the change of coordinates y = x — \f2t to the left-hand side of ()2.14p . and invoking 
definition ([2]), we are led to 



|w(-)*)IU(M) < lk(->0)||;K(iR)+/C 



l|5x^?(^s)llL-(R) + ll??(^•5)llvy2,°om^ + ||5x(^(•,s)||ioo(p^ \ds 



The same proof applies to the second equation in (j2.13p and this provides the same inequality 
for the function v. Combining with definitions ()2.12p . inequality (j3ip follows. □ 



3 Estimates for the interaction terms 



This section is devoted to the proof of Proposition [3] which provides estimates of the interaction 
term/o"49^/,9^Z, in ([23]). 
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3.1 Proof of Proposition [3] 



Given any integer k and any number r, the interaction term f^d^f^d^Zi; may be written in 
view of definition (jl4p . 

Jo jo Jr ■:) / 

so tliat by the Leibniz formula, 

r / d'j,d',z,=i,{T)+UT), (3.1) 

JO JM. 

where we denote 



and 




In view of (j3.ip . the proof of Proposition [3] reduces to bound each term in the integrals /e(t) and 
Jg (r) combining the estimates of Proposition [2] and Lemma [2] with some Holder inequality and 
Sobolev embedding theorems. In particular, we will repetitively invoke the following bounds of 
the nonlinear functions fs, Qs, r^, Ff,, and R^, as well as the following estimates of the time 
derivative drUe, and of the solution U to (jKdVp with initial datum U^. We state these bounds 
in a series of lemmas whose proofs are each the object of a separate subsection here after the 
completion of the proof of Proposition [3l 

Lemma 3.1. Let e > be given sufficiently small. Given any G N, assume that the initial 
datum ^'o(-) = 0) belongs to X^^^{M.) and satisfies (IIOI) for some positive constant Kq. 
Then, there exists a positive constant K depending only on Kq and k, such that 

II^T^^e(-,r)||^fc+2(]K) + ||/£(-,r)||^fc+2(K) + ||5e(-,T")llH'=+2(R) + IIh'=+2(R) 
+ ll^e(-,'^)llH'=+3(R) + \\Ge{-,T)\\Hk+3^^) + \\Re{- , r)\\Hk+-^^) < KexpK\T\, 

for any r G R. Similarly, there exists a positive constant K depending only on Kq such that 

||a,Z^(-,r)||^.+2(K) + ||Z^(-,t)||^.+5(k) < K, (3.4) 
for any r G M. In particular, we have 

\\drZe{-,T)\\Hk+2(j^) + ll^eC", ll//'=+5(R) < i^exp/s:|r|, (3.5) 

for any r € M. 

Notice that the estimates of Lemma 13.11 do not contain any factor. In order to make 
apparent such a factor, we rely on equations (fTSl) and (pOl) . Indeed, in view of (fTSl) and (pOj) . 
the space derivative of the functions Ve and may be replaced by the time derivative of 
and Tg respectively, up to some remainder terms, the whole being multiplied by the desired 
factor. 

Concerning the integral Ig, all of its terms involve space derivatives of V^, so that we may 
invoke the argument above to gain a factor. More precisely, we obtain 
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Lemma 3.2. Let e > be given sufficiently small. Given any k £ N, assume that the initial 
datum ^'o(-) = ^'(•,0) belongs to X''+^{R) and satisfies ^ for some positive constant Kq. 
Then, there exists a positive constant K depending only on Kq and k, such that 



E 



24 



< Ke^[{e^ + ||a^Z,(.,r)||^2(K)) expi^lrl + 
for any r G R. 

The sum in the first Une of (13. 6p . namely 

k 



d^Jedl-^VediU, 

/ exp/Cls] \\Ze{-,s)\\Hk(mds 
Jo 



(3.6) 



k 

E 



d'^fedt'v.diUs 



(3.7) 



corresponds to some remainder terms mentioned above in the computation of the space deriva- 
tives of Vs , related to the computation of the term 



k 

E 

j=0 



k + 1 
j 



appearing in . The estimates of the sum (I3.7p is more involved, so that we postpone its 
analysis in Lemma 13.41 below. 

In contrast, the integral does not contain any derivative of V^- Our argument does not 
rely anymore on (jlSp . but instead we introduce the function Tg in the right-hand side of (j3.2p 
for some suitably chosen number R. We then invoke (j30p to gain some factor. This provides 

Lemma 3.3. Let e > be given sufficiently small. Given any k £ 'N, we assume that the 
initial datum ^o(") = ^("jO) belongs to X^~^^(M.) and satisfies ^ for some positive constant 
Kq. Then, given any r G M, there exist a positive number Ri, depending on e and Vs, and a 
positive constant K , depending only on Kq and k, such that 



£ 

24 



< KeH [e^ + ||a^Z,(.,r)|U2(K)) expi^jrl + 



expi^|s| ||Z£(-,s)||j^fc(iR)ds ^ 



(3.8) 



for any choice of the number R of definition (I29p in {Ri, +oo). 

Once again, the integral on the left-hand side of (j3.8p corresponds to some of the extra 
remainder terms in ()30p . The estimates of this integral are also more involved, so that we 
postpone its analysis in Lemma 13.41 below. 

In order to achieve the proof of Proposition [3l it remains to estimate the interactions terms 



'VediUs,, 



(3.9) 



which appear on the left-hand side of (|3.6p and (13. Sp . Using the bounds of Proposition [2] and 
Lemmas [2] and 13.11 we compute the estimate 



\Ks{t)\ < Ke'^expK\T\ 
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for any r G M. However, this bound is not sufficient to complete the proof of Theorem [H since it 
would provide an e factor instead of an factor in ([7|). In order to gain some further e factor, 
we iterate the argument, and replace once more the space derivatives of and Tg, which appear 
in the expression of -ftre(r), by the time derivatives of T^, respectively T^, plus some additional 
remainder terms. We obtain 

Lemma 3.4. Let e > be given sufficiently small. Given any k £ N, assume that the initial 
datum ^o(") = ^("i 0) belongs to X^^^(K) and satisfies ([5]) for some positive constant Kq. Then, 
given any r G M, there exist a positive constant K , depending only on Kq and k, such that 

\KeiT)\ < Ke^expK\T\, (3.10) 

for any choice of the number R of definition (j29p in (i?i,+oo), where Ri denotes the positive 
number given by Lemma \3.3[ 



Proposition [3] follows combining Lemmas 13.21 13.31 and 13.41 

Proof of Proposition completed. Given any r E M, we first fix the number R such that p.Sp 
and ([3^0]) hold. Then, in view of ([MD, ([Ml), 1^ and ([SJ]), we have 

Jo Jm 

<Ke^(^{e^ + \\d^Z,{-,T)\\L2^u))expK\T\+ expi^|s| s)||^.(K)ds ^ , 

so that (p7|) is a direct consequence of (j3.10p . This concludes the proof of Proposition [3l □ 
The rest of this section is devoted to the proofs of Lemmas 13.11 13.21 13.31 and 13.41 

3.2 Proof of Lemma [XT] 

Concerning the nonlinear functions /e, i^e, ge and G^, it follows from definitions (|14p and (|16p . 
the Leibniz formula, the Holder inequality and the Sobolev embedding theorem that 

ll/e||/ffe(R) + lbe||/ffc(R) + ll^e|lH'=+i(IR) + ll^e 
< I^\\We\\Hi'+3{K) + ll^ellHfe+3(R) + [W e\\ H>'+^ (K) + II II J/fc+i(R)) j) 

where K is some positive constant depending only on k. Similarly for and we have in 
view of (fTTD . 



ke|lH'=(]R) + ll-^ellH^+niR) - -^ll^£ll//fc+i(lR)ll^ell/f'=+3( 

fc+2 



\k+2 

< -f^(^||^e||_fffc+i(R) + I|K||h'=+i(IR)) (l|t4||H'=+3(M) + ||V'e||^fc+3( 

Notice that for (j3.12p . we also invoke the bound 



(3.12) 



£2 1 
"10 < 1 - < — , 



*For A: > i, one could invoke instead the fact that H^{^) is a Banach algebra, but we write the proofs so that 
they work for fc > 0. 
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which is a consequence of (j2.2p . Combining p. lip and (|3.12p with the bounds of Proposition [21 
we obtain (jS.Sp . except for the time derivative drUs- For this function, we have in view of (jlSp . 



SO that the bound for drUs follows from the previous bounds on and combined with the 
bound on Us of Proposition [2j 

For the uniform bound (j3.4p on U, we invoke the integrability properties of the Korteweg- 
de Vries equation. As a matter of fact, equation ()KdVp owns an infinite number of invariant 
quantities which control the i/'^-norms of the solutions (see e.g. pjjj). Therefore, the i/'^-norm 
of a solution U at time r is controlled by the iJ'^-norm of its initial datum U'^ = U^. More 
precisely, there exists a positive constant K, depending only on Hf/g such that 

\\U{-Mm(R)<K, 

for any t E M (see [8]). This control is uniform with respect to e provided that ll?/^ ||//fc(iR) is 
bounded independently of e. Since lA solves the Korteweg-de Vries equation, the H^~^-'a.oiva. 
of drtl is then uniformly bounded with respect to e. Thus, under assumption ([5]), we obtain 
inequality (j3.4p . Estimate (j3.5p follows combining the definition of with ()3.3p and (|3.4p . 



3.3 Proof of Lemma [372] 

Given any r G M, we split the expression of /e(t) into three terms 

Ie{T)=h{T)+h{T)+h{T), 

where 



h{r) 



and 



hir) 



1 ^ 

-Y 

3 ^ 

j=0 





A; + 1 

J y Jo 



(3.13) 
(3.14) 



We now compute estimates of each term Ik{T). For the first one, we have 

Step 1. Under the assumptions of Lemma \3.3\ there exists a positive constant K depending 
only on Kq and k, such that 



.2 rr 



h{r) 



48 



< Ke^ [e" + ||a,^Z,(-,T)||i2(K)) exp/^|r| + 



exp/sr|s| ||Zs(-,s)||jyfcm)(is 



(3.15) 



In order to obtain the factor on the right-hand side of ()3.15p . we write the transport 
equation satisfied by d^{V^), namely 

d.{dl{y!)) = -jd,{d',{Vs')) + jd',{geVs) + ^5,^(r.F,), (3.16) 
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and replace d^'^^(y^) in (|3.14p by its expression provided by (I3.16p . Integrating by parts in 
time and using the fact that = 0, the integral /i(t) becomes 



^4 Jo JR ^4 Jo JR 



(3.17) 



We now apply the Leibniz formula, the Holder inequality and the Sobolev embedding theorem 
to obtain for the first term on the right-hand side of (|3.17j) . 



/ d^,Z,{x,T)d',{V,'){x,T)da 
JR 



<K\\d',Z,i.,T)h2mmi;T)\\H.> 



\Ve{-,T)\\Hk+if 



Hence, we deduce from (|20p that there exists a positive constant K depending only on Kq and 
k, such that 

' <K||a^Z,(.,r)||i2(K)expK|r|. 



d^,Z,ix,T)d^,{V,^){x,T)dx 
Similarly, in view of Lemma 13.11 we have for the third and fourth terms 



(3.18) 



d',Z,d',{r,V,] 



<K 
<K 



dlZ,dl{geVe) 

I \\dlZi.\\L2(^^'^\\Ve\\Hk+im{\\'re\\Hk(R) + WdeWmCR)) 

Jo 

/ expK|s| \\d^Zei-,s)\\L2(^)ds 
Jo 



(3.19) 



The analysis of the second term on the right-hand side of (j3.17p is more involved since estimate 
(I3.15P requires to gain some further factor. We first replace drd^Z^ by its expression given 
by (EH). We obtain 



where 



and 



Ilir) 



drd',Z,d',{V^)=ll{T) + ll{T)+ r [ d',{V,')d'j,, 

Jo Jr 

Jo Jr 



(3.20) 



We then estimate each of the above integral Ii{t). Integrating by parts in space the first one, 
we have 

il{r)= r [ (ar=^(y,2)a,^z, + ari(v;2)a.^(z^z,) + i9ri(y/)9,^(z,2 



SO that 
\ll{r)\ < 



IK 



s\\Hi^+3( 



\z 



e\\H''( 



e\\Hk+3( 



+ \\Ve 



e\\H''+H 



+ \\z, 



e\\m( 



In view of the bounds of Proposition [2] and Lemma [3TH we are led to 



\lKr)\<K 



/ expi^|s| \\Ze{-,s) 
Jo 



\ds 



(3.21) 
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Similarly, in view of the bounds of Proposition [2] and Lemma |3. 11 we compute 



I K 1 1 /ffc (K) 1 1 1 1 /ffe+i (R) I 1 1 /ffe ( 



< Ke exp K\t\. 



(3.22) 



Combining (|3:20]) with (l3:2T]) and ([3:22]1 . we are led to 



< Kie expi^|r| + 



^ expK\s\ \\Z,{-,s)\\jjk(f,)ds^. 



In view of (j3.17p , (|3.18p and (j3.19p , this completes the proof of Step [TJ 
We now turn to the integral /2(''") for which we have 

Step 2. Under the assumptions of Lemma \3.3\ there exists a positive constant K depending 
only on Kq and k, such that 



h{T) + '-^ r [ d^+'Vedlf, 
° Jo JR 

<Ke'^(^{e'^ + \\d^Z,{-,T)\\L2^R-j)expK\T\+ expi^|s| \\Z,{-,s)\\Hk(R)ds 



(3.23) 



The proof is similar to the proof of Step [TJ In view of (jlSp , we have integrating by parts in 
time and using the fact that Z^ = 0, 



/2(r) = ^ / dlZ,{x,T)dl'^^V,{x,T)dx-'^ r [ d^dlZ.dl^^V, 
° m ° Jo Jr 



-2 r-r 



dthedlZ, 



-4 rr 



(3.24) 



10 JR ° JO 

Similarly to (j3.18p . we compute for the first term on the right-hand side of (|3.24p . 



d^Z,{x,T)d^-^^Veix,T)da 



<K\\d',Z,i;r)h2mexpK\T\, 



(3.25) 



while for the third and fourth terms, we have similarly to (j3.19p . 



+ 



<K expK\s\\\d^,Z,i;s)\\L2mds. (3.26) 



Concerning the second term on the right-hand side of ()3.24p . we replace as above drd^Z^ by its 
expression given by (|2ip . This leads to 

r / drd^Zed'i+^Ve = iI{t) + /|(r) + r / 9rV,9,V., (3.27) 
JO Jr Jo Jr 

4(r) = - r / ^rV.fe+^Z, + d'^^^UZ,) + \d^^-^\zl 
Jo Jr ^ ^ 



where 



) / ' 



and 



I|(r) ^ -e' 
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Following the lines of the proofs of p.2ip and (|3.22p , we obtain 



|/2'(T)|<i^ 



ewK\s\ \\Ze{-,s)\\Hk(^^)ds 



and 

By (|3:271) . we are led to 



|/|(t)| < Ke^expKlrl. 



<K\e'^ exp/s:|r| + 



exp/s:|s| \\Ze{-,s)\\Hki^^)ds 



Estimate (f3^ follows combining with (f3?24l) . (f3?25]) and (f3?26]) . 
We finally consider the finite sum /3(t). 

Step 3. Under the assumptions of Lemma \3.3\ there exists a positive constant K depending 
only on Kq and k, such that 



h{r) 



24 



Jo JR ^^j^i^J~ -^0 -^K 

^ expK|s| \\Zs{-,s)\\Hk(^M.)ds^ 



(3.28) 



<Ke^ (e2 + ||a^Z,(-,T)||i2(K))expi^|r| + 



The proof is similar to the proof of Steps [T] and [2j In view of (jlSp , we have integrating by 
parts in time, 



2^ 



j=0 



5^Z,(x,r)a^.t/,(x,r)5^^y,(x,r)dx+ / / drd',Z,diUed',~^Ve 







(3.29) 

The estimates of the first, fourth and fifth integrals on the right-hand side of (j3.29p are similar 
to (|3.18p and (|3.25p for the first one, (j3.19p and (j3.26p . for the other ones. More precisely, we 
obtain 



d^Zeix, T)diUe{x, T)d^-^Ve{x, T)dx 



respectively 



r j d^,z,diUedt'9e + f I d^^z.diUA 

Jo Jr Jo Jr 

Similarly, for the third integral, we have 



<K\\d^Z,{;T)\\L2^^)exvK\T\, (3.30) 



expK|s| \\d^Ze{-,s)\\L2(^)ds 

(3.31) 





< K 


1 






Jo 




d',Z,drdiU,dl-We 
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< 



<K 



5^ 1 1 L2 (K) 1 1 9^ C4 1 1 ^fc (jj) 1 1 1 1 ^fc+i (jj) 



expi^|s| \\d^Zei-,s 



(3.32) 
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where we invoke ()3.3p to bound the time derivative drdiU^. 

The second term on the right-hand side of (13.290 is more involved to estimate. We first 
introduce as above the expression of drd^Z^ given by (pT|) . so that 

/k + l\ r r Q^QkzMUedt'V, = iI{t) + ll{r) + /|(r), (3.33) 

"n V 3 / Jo JR 



j=0 



where 



k 

E 

3=0 



k + l 
3 



Hir) ^ 



r I diu,dt'Ve[dl+'z, + d^,+'{uz,)+d^,{zAz,)), 

J "/ M 

diu,ii-'v,iis„ 



E 

3=0 



k + l 



and 



ll(T) 



3=0 



k + l 
j J Jo 



We then estimate each of the above sum II{t). Integrating by parts in space the integrals in 



/^(t), we obtain 



Following the lines of the proof of (j3.2ip , we are led to 



\ll{r)\<K 



/ / expK|s| \\Ze[-,s)\\Hki^^ds 
Jo Jr 



Concerning the integral I^ir), we have as in the proof of (I3.22p . 

< Ke^expK\T\. 

Finally, applying the Pascal rule and the Leibniz formula to I^{t), we obtain 



(3.34) 
(3.35) 



liir) 



r [ d',{u,ve)d'je+Y,( i) r / diu^dt'Ved'j, 

Jo Jr -^^ \J — ^/ Jo Jr 



Combining with (l3:29D . (ICTIl . (I33T]) . I^M), (|333|) . and I^M), estimate (|3:28|) follows. 

We are now in position to complete the proof of Lemma 13. 2[ 



End of the proof of Lemma VJ.'A In view of identity (j3.13p , and estimates (|3.15p , (|3.23p and 
(|3.28p . we have 

.2 k 



.2 rr 



< Ke^ (e2 + ||a^Z,(.,r)||i2(R)) expi^|r| + 



24 ^ 1 7 - 1 



expi^|s| \\Z^{-,s)\\Hk(ji)ds'^. 



(3.36) 



On the other hand, in view of the definition of /e, 

r / difMiv^-dive+\uev^ = r I d'i+'F,diF,=Q. 

Jo Jr ^ Jo Jr 

Combining with (j3.36p . this completes the proof of (j3.6p . 



□ 
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3.4 Proof of Lemma [gTBl 



The proof is similar to the proof of Lemma l3.2i Given any r G M, we introduce the function Tg 
in the expression of the integral Je(T). In view of (|30p and (j3.2p . this yields 



where 



Je{r) = \[ d',+'Usd',ZAT, = i (Ji(r) + Mr) + ^r)) , 

o Jo JR 

° Jo Jr 



(3.37) 



(3.38) 



and 
Mr 



Ve{-R, s)-j (Cei-R, s) + e^Re{-R, s))) ( ^ dl+^Ue{x, s)dlZe(x, s)dx^ ds. 

(3.39) 

We now consider each of the above integrals Jk{r)- For the first one, we have 

Step 1. Under the assumptions of Lemma \3.S\ there exists a positive constant K depending 
only on Kq and k, such that 

-2 rr f 



o Jo Jr 



<Ke'[[e' + ||5^'Z,(.,r)||i2(K) expi^|r| + 



/ exp/Clsl \\dlZe[-,s)\\L2mds 
Jo 



(3.40) 



We first integrate by parts in time the integral Ji(t), and use the fact that = to derive 



Mr) = -'-^ [ d^+'Us{x,T)d',Z,{x,T)T,{x,T)dx + '^ f [ d',-^'drUsd',Z,T, 
° Jr o Jo Jr 



.2 rr 



+ - 



d^,+^Uedrd^,z,T,. 



(3.41) 



We then invoke Proposition [2] and Lemmas [2] and [HTT] to bound each term on the right-hand side 
of ()3.4ip . Notice in particular that in view of assumption ^ , Lemma [2] provides 

l|T.(-,s)||ioo(i,) < \\Ve{;s)\\M(R)<K{l + \s\), (3.42) 

where K denotes some positive constant, possibly depending on Kq, but neither on e nor s. 

Hence, applying the Holder inequality to the first term on the right-hand side of (j3.4ip . we 
are led to 

dl;+^Ue{x, T)d^Ze{x, r)Te(x, T)dx 
so that by ([20]) and ([02]) . 

/ d^+^Ue{x,T)d^,Z,{x,T)T,{x,T)dx 

Jr 

Similarly, for the second term on the right-hand side of (j3.4ip . we compute 

d',+'drU,d',ZeT, <K r (1 + |.|)||9f+ia.[/,(-,s)||i2(iK)||9,^z,(-,.)||^2(K)ds 



< ||af+iC/,(-,r)||^2(i,J|a^Z,(.,r)||^2(K)||T,(-,r)|Uo 



<E:||aX(-,r)||i2(M)expif|r|. (3.43) 
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so that by p. 31 




< K 


j 




Jo 



expK|s| ||9^Z£(-,s)||i2(K)(is 



(3.44) 



We finally turn to the last term on the right-hand side of (I3.4ip . In view of (i2T]) . we can write 

r / d',+'Uedrd',Z,T, = jI{t) + JI{t) + r ( d',+'UeT,d'js, (3.45) 
Jo Jr Jo Jr 



where 



and 




(r) ^ -e' 

Concerning the integral (r), we integrate by parts in space to obtain 
Jlir)= r I fez,a3(5ri[7,T,)+5,^(Z,Z^)a49ri^,T,) + l5,^(Z,^^ 



SO that 
\Jhr)\ < 



\Z, 



'^e||L°°(R) + ||K||/f3(K)) (1 + ||^||//fc+i(R) + ||Z£||j:^fc+i(iR)) 



Hence, by ^ and ^M), 

\jHr)\ < K 



expif|s| \\Z^{-,s)\\Hk(ji)ds 



(3.46) 



Similarly, the integral (r) is bounded by 



\jKr)\<Ke' 



||a,^+l[/,||i2(K)||T,||,.oo(K)||fe||i2(l,) 

Combining (jOSj) with (fOG]) and ([QT]) . we have 

Jo Jr Jo Jr 



< Ke^ expif|r|. 



(3.47) 



<K\ e^expi^lrl + 



expir|s| ||Zj(-,s)||j:^fc(R)ds 



so that (|3:i0]) follows from ([OT]) . ([3:i3]) and (fMI) . 
We now turn to the second integral (''")■ 

Step 2. Under the assumptions of Lemma \3.S\ there exists a positive constant K depending 
only on Kq and k, such that 



\J2ir)\ <Ke' 



rexpK\s\ \\d',Z,{;s 
Jo 



(3.48) 



for any r G M. 
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Applying the Holder inequality and the Sobolev embedding theorem to definition (|3.38p . we 
obtain 



\J2{r)\ < 



ewm 



\dtZ, 



\G. 



+ e'\\R. 



)) 



SO that (|3:i8]) follows from ([20]) and (l33D . 

Concerning the last integral Js^t), we finally derive 

Step 3. Under the assumptions of Lemma \3.3\ given any r G M, there exist a positive number 
Ri, depending on e and V^, and a positive constant K, depending only on Kq and k, such that 



\h{T)\<Ke^{e^e^Y>K\T\+ j\xpK\s\ s)||i2(iR)ds ^ , 

for any choice of the number R of definition (j29p in {Ri, +00). 

Combining estimates (f2U|) and (|3.3p with definition (j3.39p . we have 



(3.49) 



l^3(r)| < 

<K 

We then invoke 



1^ {\Vei-R, •)! + e'||G,||ioo(ij) + ||a^+^C/.||L2( 



tz, 



(3.50) 



Ve{-R, s)\ + e'j exp K\s\ ||9^Z,(-, s)||i2(K)ds 
to write 

< K' exp K'\t\ 



\Vei-R, s)\ exp K\s\ Wd^^Zei; s)h2mds 







\Vei-R,s)\^ds 







where K' is some further constant depending only on Kq and k. Next, we have 



so that 



— JX 

({Veix,s)f+{d,Veix,s)f)dx, 

-00 



/ \Vei-R,s)\expK\s\ \\d^Zei;s)\\L2(^^)ds 

Jo 



< K' expi^^'lrj 



J -00 



'ye{x,s)Y + {dxVe{x,s))'^]dxds 



(3.51) 



By the dominated convergence theorem, the integral on the right-hand side of (|3.5ip decays to 
as i? ^ +00, so that there exists a positive number Ri, depending on e and V^, such that 



-R 
^-00 



[Veix,s))'^ + {dj:V!r{x,s))'^]dxds 



(3.52) 



for any R > Ri. Combining with (j3.50p and (|3.5ip , this provides (j3.49p . 
We are now in position to complete the proof of Lemma 13. 3[ 



End of the proof of Lemma WM Estimate ()3.8p follows from applying bounds (|3.40p . (j3.48p and 
(|3:i9]) to definition (13371) . □ 
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3.5 Proof of Lemma 13.41 

Though the proof is similar to the proofs of Lemmas l3.2l and l3.31 the computations are somewhat 
more technical. In view of definition (|14p and the fact that 5a;Tj = V^, we first decompose the 
quantity K^{t) as 

^^(^) = li E ( •) - ^2 W + iKiir)) , (3.53) 



j=0 



where 



and 



Kiir) = r [ d',+'{V,^)dir,d',+'~^U,, (3.54) 
Jo Jm. 

Kiir) = r [ a^'+V,5^T,a^'+i-%„ (3.55) 
Jo Jr 

Kiir) = r f dt'iUsVe)diT,d',+'~Ws. (3.56) 
Jo Jr 

We then estimate each of the above integrals (r). 

Claim 1. Let i £ {1,2,3} and < j < /c. Under the assumptions of Lemma \3.4\ given any 
T G M, there exists a positive constant K , depending only on Kq and k, such that 

\K{iT)\ < Ke^e^pK\T\, (3.57) 

for any choice of the number R of definition (j29p in (i?i,+oo), where Ri denotes the positive 
number given by Lemma\3. 



Estimate ()3.10p follows from combining decomposition (|3.53p with bounds (j3.57p . so that 
Lemma 13.41 is a direct consequence of Claim [H and it only remains to show Claim [TJ 

Proof of ClaimUl We split the proof in six cases according to the values of i and j. 
Case 1. i = 1 and I < j < k. 

Using the fact that dxTs = V^, we have in view of definition p.54p . 

Kiir)= r [ 9ri(F/)arv,ari-^[/„ 

Jo Jr 

so that integrating by parts in space 

Kiir) = - r [ dM+\V,')di-'vMt^U,. (3.58) 
In view of (jlSp and (j3.16p . we now have 
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so that p.58p becomes after an integration by parts in time, 



.2 rr 



(3.59) 

We finally argue as in the proof of Lemma 13.21 using bounds ([^Ul) and (|3.3p to bound any term 
on the right-hand side of p.59p . This provides estimate (j3.57p in case i = 1 and 1 < j < k. 

Case 2. i = 1 and j = 0. 

When j = 0, we also integrate by parts in space to obtain 

Kf{r) = - r [ a4ar^(V;2)T,)ar%,. (3.60) 
Jo JM. 

We then combine (|3.16p with (f30l) to establish 

9.(5r^(y/)T,) = -^9.(9ri(l/2)T,) + ^T,(5r^(5.I4) +e^5r^(r,F,)) 



so that p.60p becomes after an integration by parts in time, 



.0 " Jo JR 

1 9t'Us (2T, (a^i (s.F.) + .^9^1 (r,y,)) + {V,') [g, + e^i?,) ) 

(K(-i?,-) - ^G,(-i?,.) - ^i?,(-i?,.)) ^5^^■f/e5^l(V;')• 
(3.61) 

We then estimate any terms on the right-hand side of (j3.6ip similarly to the terms on the 
right-hand side of (I339D . Using bounds ([20]), ([33]) and ([332]), we are led to 



|i^?(r)| < K{e^expK\T\ + 



1^ {\Vs{-R,s)\+e^G,i;s)\\L^+e''\\R,{;s)\\L^)expK\s\ ds 
so that by the Sobolev embedding theorem and p.3p . 

\K^{r)\ < K(^e'^expK\T\ + ^ |K(-i?, s)| exp K|s| 
We then argue as in the proof of Step [3] of Lemma 13.31 Given any R > Ri, we obtain 



(3.62) 



\Vs{-R,s)\expK\s\ ds 







< K' exp K'\t\ 



J~oc 



< K'e^exp K'\t\ 



(3.63) 

where K' is some further positive constant depending only on Kq and k. Combining with ()3.62p . 
this completes the proof of (j3.57p in case i = 1 and j = 0. 
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Case 3. i = 2 and I < j < k. 

The proof is similar to Case[TJ Using the fact that S^Tg = Vg, and integrating by parts the 
derivative S^"*"^!^, we have in view of definition (|3.55p . 



JO JR Jo JR 

+ r [ d'^+'v^dt'Vsd'^^'-^u,, 

Jo Jm. 

so that integrating by parts the derivatives of Ue, 

Ki{T)=- r [ dM^'Vedt'Ve)dt'Ue-2 [ [ dM^'V,divM+'-^ 

Jo Jr ^ ' Jo Jr ^ ' 







In view of (1151). we now remark that 



(3.64) 



e 



(3.65) 



for any {l,m) G N^. We then introduce the expression of the functions dx{dli.V^dl^Ve) given by 
(j3.65p in the three integrals on the right-hand side of (j3.64p . integrate by parts in time as in the 
proof of Case [H and bound the resulting terms using estimates (pO|) and p.3p . This provides 
inequality (|3.57p in case i = 2 and 1 < j <k. 

Case 4. i = 2 and j = 0. 

The proof is similar to Cases [2] and [3l We first integrate by parts as in (j3.64p to obtain 



Jo Jr Jo Jr ^2 55) 

Concerning the first and the second integrals on the right-hand side of (j3.66p . we then replace 
the functions dxid^'^'^V^Vs) and dx{dx~^^VsdxVi;) by their expression given by (j3.65p . integrate 
by parts in time as in the proof of Case [H and bound the resulting terms using estimates (j20p 
and (|3.3p . This provides 



dx{d'x^'VAVe)dt'U, + r [ dx{d'x^'V,Ve)d'x^'-^Ue 

Jo Jr 



< Ke'^expK\T\. (3.67) 



In contrast, for the last integral on the right-hand side of (j3.66p . we combine (|15p with (j3(jp to 
establish 



28 



so that after an integration by parts in time, 



+ - 



JO JR ^ 

Jo Jr\ ^ 



We finally argue as in the proof of Case[2j Using bounds ([20]). p.3p . (|3.42p and p.63p . we are 
led to 

Jo Jr 

so that ([3371) follows for i = 2 and j = from (IHIMl) and (fOT]) . 
Case 5. i = 3 and 1 < j < k. 

The proof is similar to Cases [T] and [3l Using the fact that dxT^ = Ve and applying the 
Newton formula to (I3.56p . we are led to 



1=0 ^ ^ 



ICj. 



(3.68) 



where the integrals ICj are given by 




(3.69) 



Assuming first that I > j, our arguments to estimate the integrals ICj then depend on the parity 
of the difference I — j. When I — j = 2m is even, we can write 



p=0 



so that ()3.69p becomes 



2 

m—l 




We then replace the functions ^(9^^"^ ^V^^ wi(idx\(^x ^ ^Vedi ^^^14 j by their expressions 
given by ()3.65p and argue as in the proof of Cases [D and [3] to obtain that 

\ICj\ < Ke^expK\T\. 



(3.70) 



In contrast, when I — j = 2m + 1 is odd, we can write 

m— 1 



-ly 



d'^'-'Ued^'-'Ue = ^^d.i^idt'-'^U.y) + ^(-l)P9,(9^^■-^'C/,5^'+l+PC/,), (3.71) 

p=0 
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so that p.69p becomes after an integration by parts in space, 

t^o Jo Jr ^ ' 

We then complete the proof of (j3.70p as in the case / — j was even. The proof is similar when 
j > I permuting the roles of j and I. Hence, p.70p holds for any choice of j and k. In view of 
(|3.68p . this concludes the proof of (|3.57p when i = 3 and 1 < j < k. 

Case 6. i = 3 and j = 0. 

The proof is similar to CaseO Applying the Leibniz formula to (|3.56p . we are led to 

^3V) = E('|')/C?. (3.72) 

1=0 ^ ^ 

where the integrals ICf are given by 

r / dlV,T,d^+'-%d',+'U,. (3.73) 
Jo Jr 

When / = 2?Ti is even and positive, we can write using the fact that S^T^ = Vs, 

/ -I \ 777, TTl-— 1 

diV.T, = ^^-^d,([d^-^Vef)+d,(di-^VeT,) + Y,{-Wd,{di-^-''yedl-^Ve), (3.74) 

p=i 

so that (|3.73p becomes 

^ JO jm. jo jm. 




(3.75) 

We then rely on the arguments of the proofs of Cases [2] and S] to bound any integrals on the 
right-hand side of (j3.75p in order to obtain 

\lC^i\<Ke^e^^K\T\. (3.76) 

When I = 2ni + 1, we invoke (|3.7ip as in the proof of CaseO instead of (|3.74p . and complete 
the proof of (I3.76P similarly. 

Finally, for / = 0, we write 

n = \f I d^{^'m^'u;)\ (3.77) 

In view of (f30]) . we have 

dx{rl) = -^^dr{Tl) + jT,(g, + e^Re - Ge{-R, •) - e^Rei-R, •)) + ^Ve{-R, ■)T„ 
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so that integrating by parts in time, p.77p becomes 



/Co 



16 
.2 r-T 



. " Jo JM. Jo Jr 

+ T r / '^s(Ge + e'Re-G,i-R,-)-e'Re{-R,-)){d'.'-'Us)\ 
o Jo Jr ^ ' 



(3.78) 

Using bounds (l20|), ([33]), (lOSI) and (13:63]) to estimate the right-hand side of pTfH]) . we deduce 
(j3.76p for Z = provided we choose R > Ri as above. Combining with (|3.72p . this completes 
the proof of ()3.57p in case i = 3 and j = 0, and therefore of Claim [H □ 



4 Proof of Theorem [T] 

We now turn to the proof of Theorem [H As mentioned in the introduction, we focus on the 
coordinate x = x~ = e(x + \/2t) and the associated functions Us = and U = U~ . Given any 
A: G N, we first recall identity (j23p . which may be written as 



Jo Jr Jo Jr 

+2 r / dlUdlZs-2e^ r I dlvsdlZs, 
Jo Jr Jo Jr 

with = Us —U. We then bound inductively any term on the right-hand side of (]23p in order 
to apply a Gronwall lemma to the quantity Z^{t) defined by (p2]) . and derive inequality ([7]). 

For /c = 0, identity (p3]) may be recast as 



drZ^sir) = - / ddiZl + 2 fsZs- 2e^ / / r,Z„ (4.1) 

Jo Jr Jo Jr Jo . 

so that in view of Proposition [3l and bounds (j3.3p and (|3.4p . we have 



drZ^s{r)<K(\Z^s{r)\+e^ j\xpK\s\ ||Z,(-, s)||i2(K)ds 



+ e2(||z,(-,r)||i2(K) +e^)expK|r| 



where ii' is a positive constant depending only on Kq. Using the inequality 2\ab\ < + 6^ and 
the identity 

9.^0(r) = ||Z,(-,r)||i.(j,), (4.2) 
we are led to the differential inequality 

drZ^ir) < K(sign{T)Z^{T) + £^expK\T\^, (4.3) 

so that 

|^°(r)| < K'e'^expK'\T\, 

where K' is some further positive constant depending only on Kq. Combining with ()4.2p and 
(j4.3p . this provides ([7|) for A; = (and the functions U~ and U~). 

We now assume that ([7]) holds for any < j < A; — 1, i.e. that there exists a positive constant 
K depending only on Kq and k, such that 

P.(-,r)llH*-i(R) < Ke^expK\T\, (4.4) 
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for any r G M. We then bound any integral on the right-hand side of (|23p . For the first one, we 
compute by the Leibniz formula, 



Jo JK 



k + 1 
j J Jo 



d^+^~mdiZed^z, + (k + 



1 



so that by and (gUD, we are led to 



< K 



I expi^|s| \\dlZe{-,s)\\L2nc.ds 
Jo 



■ (4.5) 



The estimates of the second integral on the right-hand side of (j23|) are similar. The Leibniz 
formula yields 

k—l 

r [ dt\z^)d'^z,=^(''+^) r [ dt'-^z,diz,d'^z,+{2k+i) r / o^zmzsY, 

Jo Jr \ J y Jo Jm. Jo Jr 

so that by the Holder inequality and bounds (|3.5p and (|4.4|) , we are led to 

r / d'^^'{z^)d'^z, 

Jo Jm. 



< K 



\\dxZs\\L°° \\dxZe\\\2 





/ 




Jo 



expJClsl \\dlZe{-,s)\\L2ds 



(4.6) 



We now recall that dxZ^ = ^(^dxN^ + 9^®e) ~ dxU, so that, combining bounds (12. ip and ([3 
with the Sobolev embedding theorem. 



\dxZei-,T)\\L^(^) < K, 



for any r G R. Hence, by (j4.6p . 



< K 



{d'xZ. 



expir|s| \\dlZe{-,s)\\L2mds 



(4.7) 



Concerning the last integral on the right-hand side of ()23p . we invoke ()3.3p to obtain 



d'^Ted'^Z, 



expK\s\ \\d^Z^{-,s)\\L2,mds 



Therefore, in view of (|27p . (j4.5p and ()4.7p . we are led to the differential inequality 

drZei^) < K(signiT)Z^{T)+eUxpK\T\], 



so that by the Gronwall lemma, inequality ([7]) also holds for the integer k. By induction, this 
completes the proof of d?]) for the functions U~ and l{~ . 

We next say a few words of the proof for the functions and . Setting 

Ve'{x,T) = ^(iV+(x,r) +a,e+(x,r)). 



the functions and satisfy the system of equations 



(4.8) 



where 
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and 



drV+ + -^d^V+ = gt + e\t , (4.9) 



where 

and the remainder term is given by the formula 



' 6(1 -^iV+) 3(l-fiV+)2 36 (l-fAr+)3- 

Up to a reverse orientation of time, equations (j4.8p and (|4.9p are identical to equations (jl3p 
and (fT5l) . In particular, we can apply to the functions r i— > ?7^(-, — r) and r i-^ V^"^(-, — t), the 
analysis developed above to prove ([7]) for the functions Us = U~ and Vs- Given any k £ N, the 
associated initial datum 



([/+(., o),F+(.,o)) = (l(iv°-a.e°),i(ivo + a.e°)), 

also satisfies assumption ([5]), so that there exists some constant K depending only on Kq and 
k, such that 

||C/+(-,-r)-[/(.,T)||^.(K) </^e'expK|r|, (4.10) 
for any r G M. Here, the function U denotes the solution to (jKdVp with initial datum 

[/(•,0) = [/+(•, 0). 

By the uniqueness of the solution to ([6]) for any fixed initial datum in H^(M.), we notice that 
U{-, — r) = U~^(-,t). Reverting the orientation of time in ()4.10p . this completes the proof of ([7]) 
for the functions and U^. 



5 Proof of Theorem [2] 

In this section, we provide the proof of Theorem [21 This first requires to show Proposition HJ 
Lemma [3] and Proposition [5l 

5.1 Proof of Proposition [4] 

In order to estimate the ff^-norm of V^, we apply the differential operator to (jlSp . multiply 
the resulting equation by d^V^ and integrate by parts on M x (0, r). In view of definition (jl6p . 
this yields 

/ {d'^Vs{;T)Y = [ r [ 5rHK')9^K-2Li(r) + lL2(r)-|L3(r) + 2L4(r), 

(5.1) 

where, in view of the fact that = Us + V^, 

Li{r) [ d^^'Nsd^^^vs = r [ ar^f/.^rv., 

Jo Jr Jo Jr 

L2{r)^r [ d',{U^)d',+'Vs, 
Jo Jr 

Lsir)^ r [ d',+'{UsVs)d',Vs, 
Jo Jr 
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and 



L4(r) ^e' r [ dlr^d^V,. 
Jo JR 

We now estimate each integral Lj{T) as in the proof of Theorem [TJ For the first one, we have 

Step 1. Under the assumptions of Proposition \^ there exists a positive constant K depending 
only on Kq and k, such that 



4o Jo Jr 



<Ke^ (e^ + Wd'^K^LHR) + ||5,^K(-,r)||z.2(K) expi^lr 



+ 



expK|s| \\Vei-,s)\\Hk(^)ds 



(5.2) 



In view of (jlSp . we compute 



£2 rr 
+ -7 



-2 i-r 



d\:^''V,{dlg,^E^dlr,), 



so that by ((20]) and ^M . 
o Jo Jr 



In view of (1161). we next write 



<Ke^ (e^ + \\d',V,^hHR) + \\d'M;r)\\mR)) K\t 



expK|s| \\d^Ve{-,s)\\L2^^)ds^. 



(5.3) 



so that integrating by parts, we are led to 



Combining (j20p with the Leibniz formula, the Holder inequality and the Sobolev embedding 
theorem, we deduce that 



Jo Jr Jo Jr 



< K 


/ 




Jo 



expK|s| \\Ve{-,s)\\Hkm)ds 



Invoking (15. 3p . this completes the proof of (15. 2p . 

We similarly derive for the fourth integral on the right-hand side of ()5.ip . 

Step 2. Under the assumptions of Proposition^ there exists a positive constant K depending 
only on Kq and k, such that 



-2 rr 



Loir) - - 



<Ke^(^l^e' + \\d',V,^LHR) + Wd^M' , r)\\ l^r)) expi^|r| 
^ expK\s\ ||K(-,s)|Ih'=(K)C^s 
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The proof is identical to the proof of Stepdl so that we omit it, and instead we turn to the 
fifth integral on the right-hand side of (j5.ip . 



Step 3. Under the assumptions of Proposition there exists a positive constant K depending 
only on Kq and k, such that 



L,iT)\ <Keme' + \\d',V,'h. + \\d'M;r)h^ ) expi^|r| + 



[ expi^|s| \\d^Ve{-,s)\\L2ds 
Jo 



Using the Leibniz formula, we are led to 



(5.4) 



(5.5) 



where 



In view of ()3.65p . given any < j < /c, we have integrating by parts in space, then in time, 



Jl f-T 



dt'Uediv,d',v, 



-2 rr 







dt'Ue{diV,d',g, + d',Vedige)-'4 r [ dt'Ue{diVsd',r, + d',V,dir,), 

° Jo JR 



so that by ([20]) and 

<^^'((^' + l|5'K:°llL2 + l|5^K(-,r)||i2)expi^|r|+ J\xp K\s\ \\d^M; s)\\L^ds 
For J = A; + 1, we can also invoke ()3.65p to establish that 



(5.6) 



^2 rr 

+ I6 



+ 



r j UedlV,{d':,ge + e^dlr,), 

Jo 



At/ \2 



drU,{d';Ve) 



-2 f-T 



so that (j5.6p follows similarly. In view of (jS.Sp . this completes the proof of ([5 
Using (j3.3p . we now compute directly the next estimate of the integral L4{t). 

Step 4. Under the assumptions of Proposition there exists a positive constant K depending 
only on Kq and k, such that 



|L4(r)| < Ke^ 



expK|s| \\d'^Ve{-,s)\\Hk,mds 



We finally complete the proof of (j36p by induction. 
End of the proof of Proposition [7[ Let us denote 

S^,{t)= sup \\dlVe{;s)\\L2f^ 
s6(0,t) 
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For A; = 0, we have in view of (jS.ip , and Steps [H [2 [3] and HI 

I^Veix,rfdx < \\V,YL^^R)+Ke^(^{e^ + WV^'^h^m) + \\Ve{;r)h^R)) expK\r\ 

+ j expi^|s| ||K(-,s)||i2(]8)(is ^, 

so that 

Using the inequahty 2ab < + 6^, this completes the proof of (136]) for k = 0. 

We now assume that ([36]) holds for any < A; < — 1 and establish it for k = n > 1. Invoking 



the Leibniz formula, we compute 



A-0 \ J / JO JR Jo JR 



so that by the inductive assumption and bound ([20]) . 



dt\V^)dlV, <K(||y,0||^«-i(K) (^(||^.°||h-i(r) expi^lrl 

+ ^ expK|s| ||9^y£(-,s)||i2(K)ds ^. 
Combining with (|5.ip , the inductive assumption and Steps [H [21 [3] and [H we are led to 

S^irf < \\d^V,Ymm + K(e' + ||F,0||h-i(m)) (e' + ||1^,°||h«(R) + S^ir)) expK|r|. 



Using again the inequality 2ab < + b'^, this completes the proof of (|36p for k = k. By 
induction, this concludes the proof of Proposition [4] 



□ 



5.2 Proof of Lemma [3] 

Since F and G are solutions to (jKdVp . their difference H = F — G is solution to 

drH + dlH + Fd^H + Hd^G = 0. 

In order to prove ([57]) . we now compute inductively energy estimates on (|5.7p . 
For k = 0, we multiply (|5.7p by H and integrate by parts on R to obtain 



(5.7) 



dr 



drF -2drG]H'^. 



(5.8) 



Since F^ and G'^ are in ff^(]R), we recall (see also the proof of (j3.4p ) that in view of the 
integrability properties of (jKdVp . there exists a constant K depending only on the iif^-norms 
of FO and G°, such that 

\\F{;T)\\H2m + \\G{;T)\\H2m<K, 



for any r € M. Applying the Holder inequality and the Sobolev embedding theorem to 
are led to 



we 



dr 
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so that (1371) follows from the Gronwall lemma. 



We now assume that (I37p holds for any < A; < k — 1 and derive it for k = k > 1. For this 
purpose, we apply the differential operator to (j5.7p . multiply the resulting equation by d^H 
and integrate by parts on M. This provides 



1 



dr( [ {d^Hf)=- [ d^{Fd,H)d^,H - [ d^{Hd,G)d^H. 



(5.9) 



By the Leibniz formula, the first integral on the right-hand side of (|5.9p reduces to 
JR -^^ \J / JR ^ JR 

In view of the integrability properties of ()KdVp . there again exists some constant K depending 
only on the ff'^+^-norms of F° and G°, such that 

||F(-,t)||^.+2(r) + ||G(-,r)||^.+2(K) < K, 

for any r G M. Hence, we are led to 



d-,{Fd,H)d-,H 



<K\\H\\j,. 



The same estimate holds for the second integral on the right-hand side of (j5.9p . Invoking the 
inductive assumption, we deduce that 

dr(^J^ {d^H{x, T)fdx^ - ^ ( X ^^^'"^^ ^ " ^l^l) • 

Inequality (j37p follows applying the Gronwall lemma. By induction, this concludes the proof of 
Lemma [3j 

5.3 Proof of Proposition O 

The proof is a direct adaptation of the proof of Proposition [3] using only assumption (jlOp . In 
view of (|3.ip . and Lemma 13.21 which remains valid under assumption (jlUp . we have 



< K 



+e^{e^ + \\d^Z,{-,T)\\L2m ) expK|r| +e 



expK|s| ||Ze(-,s)||j^fc(]g)ds ^, 



(5.10) 



where K refers to some positive constant depending only on Kq and k. We then invoke Propo- 
sition [4] to bound the first and the second integrals on the right-hand side of (15.101) . Combining 
with (EOl) and (1331), this leads to 



d>:,hdl-^VediUe 



<K(\\V^\\HHm+e^)[e'e^vK\T\ + 



I expi^lsl \\d';Ze{-,s)\\L2(^)ds 
Jo 



In view of (|5.10p . this completes the proof of ([39l) . and of Proposition [H 
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5.4 Proof of Theorem [2] completed 



As mentioned in the introduction, we first focus on the coordinate x~ and the associated func- 
tions A'^ = and = G~. Theorem [2] then follows from combining decompositions (j34p and 
(1351) with estimates (i36l). (1381) and (HOl). once (HOl) is established, which we do next. 



Proof of inequality (I40p . The proof is an adaptation of the proof of Theorem [TJ For k = 0, 
coming back to (|4.ip . we deduce from ([39]) . (j3.3p and (j3.4p that 



expKlsl ||Z£(-,s)||i2(K)ds 



+£^(^£2 ^ ||y^0||^2(R) + \\Z,{-,t)\\l2(u)) expi^|r|^. 



where is some positive constant depending only on Kq. Using again the inequality 2\ab\ < 
+ and identity (j4.2p , we are led to the differential inequality 



so that 

|ZO(r)| < + ||y^O||^.(K))'exp ATVI, 

where -fC' is some further positive constant depending only on Kq. Combining with (j4.2p and 
(1131), this provides (gOD for A; = 0. 

We now assume that ()40p holds for any < j < A; — 1, i.e. that there exists a positive constant 
depending only on Kq and fc, such that 

ll^e(->'^)ll//fc-i{R) < ^(^^ + llK°llHfe-i(R)) expA:|r|, 

for any r E M. We then bound any integral on the right-hand side of (j23|) . For the first and 
second ones, we have following the lines of the proofs of (j4.5p and (j4.7p . 



+ 



< K 



expKlsl \\d^Ze{-,s)\\L2f-^)ds 



(5.11) 



Concerning the last integral on the right-hand side of (j23p . we invoke ()3.3p to obtain 



< Ke'^ 



expA:|s| \\d^Z^{-,s)\\L2,^)ds 



Therefore, in view of (|39p and ()5.1ip . we are led to the differential inequality 
drZ^ir) < K(^sign{r)Z^{T) + (e^ + ||F^O||^,(K))%xp i^|r|) , 



so that by the Gronwall lemma, inequality (j40p also holds for the integer k. By induction, this 
completes the proof of (00]). □ 



We are now in position to end the proof of Theorem [2j 
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End of the proof of Theorem\^ As mentioned above, Theorem [2] is a direct consequence of de- 
compositions dM]) and ([35|) and estimates ([36]) . ([38]) and (|10|) . when the coordinate x~ is consid- 
ered. For the functions and dxQ'^ , the proof reduces as in Theorem [T] to consider the system 
of equations (|4.8p - (|4.9p instead of the system (fT3]) - (fT5]) . Since the functions r i-^ U^{-, — r) and 
T I— > V^{-,—t) are solutions to (fT3l) and ([TS]) . we can apply Propositions [4] and [5] to them in 
order to obtain inequalities ()36p and ()40|) in the coordinate x^. Combining with the versions of 
(|34p and (j35p in the coordinate x"'", and Lemma [3l this provides (jlip in the coordinate x^, and 
concludes the proof of Theorem [2j □ 



A Defining a notion of the mass for (IGPp 

The purpose of this appendix is to provide a framework where the notion of mass for the one- 
dimensional Gross-Pitaevskii equation may be rigorously handled. At least on a formal level, 
the mass El may be defined by 

mW = ^(l-|^P), (A.l) 

and it is a conserved quantity along the Gross-Pitaevskii flow. Indeed, a solution ^ to (|GPp 
satisfies the conservation law 

dtii = 2dx{{i^,dx^)), (A.2) 

where we denote as above rj = 1 — \^\'^ . Hence, we have 

dtm{^) = \ [ dtri= I dx{{i^,dx^)) = 0, 

provided that the functions ^ and r] are sufficiently smooth and decay suitably at infinity. 

The quantity m{ip) is however not well-defined in general for an arbitrary function -0 in the 
energy space Consider for instance, the function if; defined by 

Mx) = , , Vx € M, 

\x\ + l 

which belongs to X^(IR), but for which m{ip) = +oo. In order to circumvent this difficulty, we 
introduce the set 

Xm{^) = {i^e X\R), s.t. 1 - IV'P e M{R)}. 
We first claim that the Gross-Pitaevskii equation is well-posed in this new functional setting. 

Lemma A.l. Given any function E Xjii{M.), there exists a unique solution to (]GPp 

in C''(M, X_m{M.)) with initial datum "^q. Moreover, there exists a universal constant K such that 

Mi) - v{s)\\m(R) < k(^E{^o)'^ (1 + E{^o)'^)\t -s\ + Mt) - v{s)\\lHr)), (A.3) 
for any (s, t) G M^. 

Remark A.l. In view of Proposition [T] and Lemma lA. 11 the Gross-Pitaevskii equation is also 
globally well-posed in the space 

X_ti(M) = # e X''{R), s.t. 1 - IV'P G M(R)}, 

for any k > 2. 

^It would be more appropriate to call it a relative mass (with respect to the vacuum) since it may be negative 
as such. 
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Proof. We recall that in view of Proposition [H the Gross-Pitaevskii equation is well-posed in 
with conservation of the energy E, i.e. 



(A.4) 



for any t G M. Therefore, the proof of Lemma lA.ll reduces to show that the function = 
1 — associated to the unique solution in the space X^(R) is continuous with 

values in This fact is a direct consequence of ()A.3P which we show next. 

For the proof of ()A.3p . we introduce a cut-off function x £ C°°(M) such that < x ^ 1; 



x{x) = 1, for X < 0, and x(x) = 0, for x > 1, 



and denote 



x{a — x), for X < a, 
1, for a < X < b, 
x{x — b), for X > b, 



for any given numbers a < b. When \I' is a solution to ()GPp in A'^(]R), identity ()A.2p holds in 
the sense of distributions and involves quantities which are in H-^{R), so that we may multiply 
()A.2p by the test function Xa,b and integrate by parts to obtain 

dt( [ VXa,b) = [ dtVXa,b = 2 [ d,{{i^,d,^))xa,b = -2 [ {i^,d,^)d,Xa,b. 

By the Cauchy-Schwarz inequality, we are led to 



r]Xa,b 



< 2\\md^Xa,b\\L2 



{I{a,b))\\^^'^\\L'^{I{a,b))' 



(A.5) 



where we denote I{a, b) = {a — 1, a) U (6, 6 + 1). We now recall that it is proved in [12] that there 
exists some universal constant K such that 

UWl^ <K{l + E{^)'2), (A.6) 

for any ip £ L^(M), so that (jA.Sp may be recast as 



dt 



riXa,b 



< K{1+ E{^)2)E{^)2, 



where K denotes a further positive constant, depending only on our choice of the function x- 
Integrating in time and invoking the conservation of the energy provided by (lA.4p . we are led to 



{r]{-,t) -vi-,s))xa,b 



< K(l + E{^o)^)Ei^o)2\t- s\. 



Notice finally that 



fXaA 



f 



fx. 



a,b 



I(a,b) 



< K 



L'^{I{a,b))i 



(A.7) 



(A. 



for any function / G X^(IR), so that ()A.3P is a consequence of ()A.7p and (jA.SP (for / = r]{t) — 
Ti{s)). This completes the proof of Lemma lA.li □ 
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We now turn to the notion of mass and define 



m^{ip) = — (limsup / (l 

2 \ x^+oo Jo 



+ limsup / (1 - IV-P) ), 

J/^-OO Jy 



(A. 



and 



-fliminf /" (l - IV'R + liminf /" (l - (A.IO) 

for any function "^l) G X;k(M). Recall that the above integrals are bounded and continuous 
functions of x and y, when -;/; belongs to X_a4(M), so that m'^{ip) and 'm~[ij)) are well-defined [§. 

We next show that both the quantities and m" are conserved along the Gross-Pitaevskii 
flow provided that the initial datum belongs to X^(]R). 



Lemma A. 2. Given any function ^'o G Xj^{M.), we have 

m+(^'(-,t)) = m+(^'o), and = m"(^o), 

for any t € M. 

Proof. Given any numbers a < b, we deduce from (IA.4|) . (|A.5P and (IA.6P that 



(A.ll) 



dti / TO. 



ta,f) 



< K{1 + E{^0)-2)\\d,nL^(I{a,b)) 



for any fixed t G M. Integrating this relation in time, combining with (jA.Sp and applying the 
Cauchy-Schwarz inequality in time, we are led to 



rj{x,t)dx — / ri{x,0)dx 




19, 



■^{■,s)\\L^I(a,b))ds^ + \\r]{-,t) -r]{-,0)\\L2(^l(a,b)) 



-\dx^ix,s)\'^dxds 



JI{a,b) 



+ Ik(-,0)||i2(^(^^b)) + \\vi-,t)\\L2(I{a,b)) 

(A.12 

On the other hand, it follows from the conservation of the energy that 



^\dx^{x,s)\^ + ^\ri{x,s)\'^)dxds 



\t\ E{^o) < +00, 



so that, by the dominated convergence theorem, 

/ / ( -Idx'^ix, s)\'^ + -\r]{x, s)\'^^dxds ^ 0, as a — > — oo and 5 ^ +oo. 
^0 Ji(a,b) ^2 4 / 

Similarly, since ^(-,0) and ")]{■, t) belong to L^(M), 

M-,0)\\L^i{a,b)) + \\v{-,t)\\L2(i{a,b)) ^0, as a ^ -oo and b +00. 
The conclusion then follows from ()A.12|) . and definitions (lA.Op and (jA.lOp . 



□ 



"in our definitions of m'^{ip) and m (ip), the number may be replaced by any arbitrary otlier real number. 
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When the function 1 — l-i/^p belongs to L^(M), the quantities m'^{ip) and m~{ip) are equal to 
the mass of ip defined by (jA.ip . However, for an arbitrary map in X;k(M), the quantities m^{ip) 
and m~{'ilj), which are preserved by the flow, may be different. In order to define a generalized 
notion of mass, we are led to restrict ourselves to an even smaller class of maps. More precisely, 
we consider the subset of X_m (M) defined by 

;f^(R) = {7P £ Xm(^), s.t m+(V') = m-(V')}, 

and define the generalized mass of an arbitrary function ip E as the quantity 

m(V') = m+(^/;) = m-(V') = -f lim [ lim [ (l - IV-HV (A.13) 

We then have 

Proposition A.l. Given any function ^'o S Xj^{W^, there exists a unique solution to 
()GPp in C^{E., Xj^(R)) with initial datum "^q. Moreover, we have 

m(^'(-,t)) = m(^o), (A.14) 

for any t € M. 



Proof. Proposition lA.ll is a direct consequence of Lemmas lA.ll and IA.2I Given any function 
*o G ^mW, there exists a unique solution ^ to (|GPp in C°(M, X^(R)) with initial datum ^q. 
Since m+(^'o) = m~{^o), it follows from Lemma lA.21 that 

m+{^{;t)) =m-{^{;t)), 

so that ^{■,t) belongs to AV((M). Equality ([Ali]) then follows from fATT]) and ([Al3]) . □ 

Remark A. 2. As already mentioned, if the function 1 — l^'oP belongs to -L^(M), then the 
function belongs to and it follows from Proposition lA.ll that the generalized mass 

of the solution to ()GPp with initial datum ^'o is well-defined for any time t S R and 

conserved by the fiow. Notice however that we do not claim that the function 1 — l^'p remains 
in Li(R). 

Remark A. 3. In our proofs, we use several estimates involving control on the norm || • \\j\4 
which are closely related to the conservation of the generalized mass. The conservation of the 
generalized mass itself does actually not provide any bound on the solution ^(■,t). We believe 
that this fact is of independent interest. In particular, it might be relevant for the physical 
phenomena the equation was designed to describe. 
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